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Formal grammarsSTAGE I

(the shopping list 
to prepare a 
linguistic cake)



 A linguistic example:

 Which car do you think the mechanic fixed _ ?

 *Which car do you think the mechanic fixed the engine ?

 A logical conclusion:
We come with an innate predisposition to assign a precise 
structural analysis to the (linguistic) input we receive (and not 
infinite other possible analyses) 

Plato’s problem

How is it possible that human beings, 
whose contacts with the world are 
brief, personal, and limited, are still 

able to know so much?
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Orwell’s problem

 How is it possible that of all the information we receive as 
input we manage to process so little of it and in such a 
distorted way?

 A Linguistic example:

 The red car the coachbuilder took to the garage had a perforated 
fender, a dented wheel, and a scratch on the upholstery.

 The mechanic repaired a car that had a punctured wheel, a dented 
fender and a scratch on the windshield.

 A logical conclusion:
 Our processing of an input (linguistic) neglects numerous details 

that are reconstructed by relying on our (linguistic) expertise and 
acquired knowledge of the world (bias) 
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What you see is not what is there

Münsterberg figure 
https://en.wikipedia.org/wiki/Caf%C3%A9_wall_illusion
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What you see is not what is there

Adelson figure
https://en.wikipedia.org/wiki/Checker_shadow_illusion
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What you see is not what is there

Adelson figure
https://en.wikipedia.org/wiki/Checker_shadow_illusion
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A structural approach to Vision

face

eyes

pupils

nose cheekbones
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A structural approach to Vision
 

 a. b. c.* d.* e.*

 Il bambino Il bambino *Bambino il *I bambino           *Il bambino           

 chiude la porta apre la porta porta chiude la chiudono le porta chiude

 The child The child *Child the *The childs *The child
closes the door opens the door closes door the closes the door closes

Intro to linguistic computation C. CHESI 12



Linguistic Competence
What kind of competence (information structure) do we have?
 A word can start by wo... (word) but not by wb...

 The s in “sings” is different from the one in “roses” 

 “the rose is beautiful” Vs. *“the is beautiful rose”

 “The cat chases the dog” >
subj: cat(agent); verb: chase(action); obj: dog(patient)


?the television chases the cat

 “the houses” Vs. “some house”

 Linguistic competence is a finite knowledge that allows us to:
 Recognizing as grammatical an infinite set of expressions
 Assigning to them the correct meaning(s)
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Linguistic Competence
 Simple properties:
 Word order > meaning … but consider structural ambiguities!

e.g. I saw a man in the park with a binocular

 Agreement
e.g. *la mela rosso (lit. the.F red.F/*M apple. F)

Gianni ha visto Maria vs. Gianni l’ha vista
G.M has seen.M/*F M.F G.M her.F has seen.F/*M

 Non-local dependencies (pronominal binding, syntactic movement)
e.g. cosai credi che Maria abbia chiesto a Luigi di comprare _i?

(whati do you think (that) M. asked to L. to buy _i ?)

Giannii promette a Mariaj di _ i/*j andare a trovarlaj/k

Giannii chiede a Mariaj di _ *i/j andare a trovarla*j/k

Gi promises/asks to M. j _ i/*j *i/j to go to visit her i/k *j/k
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Grammar 
adequacy

Noam Chomsky

 Adequacy: a grammar must provide an adequate description 
of the linguistic reality we want to describe. 

 We will consider three levels of adequacy:

 Observational: the language described by the grammar coincides 
with the one we want to describe

 Descriptive: the grammatical analysis provides relevant structural 
descriptions that are coherent with the speakers’ intuitions

 Explicative: the grammar is learnable and it permits to draw 
conclusions on what’s more or less difficult to be processed.
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Vision (1981)

 Computational level: What is the goal of the computation, 
why is it appropriate, and what is the logic of the strategy by 
which it can be carried out?

 Representational and algorithmic level: How can this 
computational theory be implemented? In particular, what is 
the representation for the input and output, and what is the 
algorithm for the transformation?

 Hardware implementational level: How can the 
representation and algorithm be realized physically?

Descriptve levels
David Marr
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Basic formal notions
 Finite sets definition: A = {a, b, c}

 Infinite (inductive) set definition:  A = {x: x has a propriety p}

 Ordered sets (n-tuples): A = (a, b, c)

 Cardinality: |A| = number of items of A

 Cartesian product: A = {a, b, c} B = {x, y}
A X B = {(a, x), (b, x), (c, x), (a, y), (b, y), (c, y)}

 Union: A  B = {x: x  A or x  B}

 Concatenation: A  B = {xy: x  A and y  B}

 Star (Kleene operator): A* = {x1x2 … xn : n  0 for any xi  A}
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Basic formal notions
 Indexes: xk = kth element in a series

xk = a series of k elements
XR = mirror image of X

 Function: f(x) → y (x = Domain, y = Range):

 Predicates: f(x) → {true, false}

 n-places predicates: f(x, y … z) → {true, false}

 Equivalence relation: binary predicates R for which the following properties 
are valid:
 R is reflexive, that is, for any x, xRx;
 R is symmetric, that is, for any x and y, if xRy then yRx;
 R is transitive, that is, for any x, y and z, if xRy and yRz then xRz;
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Basic formal notions
 Graphs

Nodes Vertex

Non directional Directional
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Basic formal notions
 Graphs

Cyclic Acyclic Trees

Degree: number of in/out vertices of a node
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How to formalize a grammar
 A = Alphabet

Finite set of chars (A* = the set of all possible strings built concatenating elements of A;  is 
the null element) 

 V = Vocabulary
(potentially in)finite set of words, built concatenating elements of A 

(V  A*)

 L = Language
(potentially in)finite set of sentences, built concatenating elements of V 

(L  V*)
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How to formalize a grammar
 A formal grammar for a language L is a set of rules that allows us to recognize

and generate all (and only) the sentences belonging to L and (eventually) 
assign to them an adequate structural description. 

 A Formal Grammar G must be:

 explicit (each grammaticality judgment must be just the result of the mechanical application 
of the rules) 

 consistent (the very same sentence can’t be judged both grammatical and ungrammatical at 
the same time)
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How to formalize a grammar
 Phrase Structure Grammar, PSG (Chomsky 1965) 

is an ordered 4-tuple (VT, VN, →, Roots):

VT is the terminal vocabulary

VN is the non-terminal vocabulary (VT  VN = V)

→ is a binary, asymmetric, transitive relation defined on V*, also known as
rewriting rule:
for any symbol AVN φAψ → φτψ for some φ, τ, ψ  V*

Roots is a subset of VN defined as the axiom(s) of the rewriting rules. 
By default, S (Sentence) is the only symbol present in this set.
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How to formalize a grammar
 Give two strings φ and ψ  V* there is a

φ-derivation of ψ if φ →* ψ.

 If there is a φ-derivation of ψ then we conclude that φ dominates ψ. Such a 
relation is reflexive and transitive.

 A φ-derivation of ψ is terminated if:
 ψ  VT*

 There is no χ such that a ψ-derivation of χ exists

 Given a grammar G, a language generated by G, is said L(G), that is the set ψ 
of all possible strings for which a terminated S-derivation of ψ exists
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Structural description 
(syntactic tree) 

 A Structural Description is a 5-tuple

(V, I, D, P, A) such that:

V is a finite set of vertices (e.g. v1, v2, v3…)

I is a finite set of labels (e.g. S, DP, VP,  the, table…)

D is a dominance relation, which is a weak relation (namely a binary, reflexive antisymmetric 
and transitive relation) defined on V

P is a precedence relation, which is a strict order (namely a binary, anti-reflexive 
antisymmetric and transitive relation) defined on V

A is an assignment function; 
i.e. a non surjective relation from V to I
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Generative capacity and equivalence
 The generative capacity indicates the set of sentences that can be generated; 

two grammars can be considered equivalent in two senses:

 Weak, if only the set of sentences is considered

 Strong, if we also consider the structural description associated
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Decidability
 A set  is considered

 decidable (or recursive) if for any element e, belonging to the universe set, there is a 
mechanical procedure that in a finite set of steps terminates by saying if e  or  to 
(not belonging to  implies that e belongs to the complement of  defined as )

 Recursively enumerable when a procedure exists that enumerates all and only the 
elements of  Σ 
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Regular Grammars / Languages
 Regular grammars admit rules of this kind:

A → xB

Or (systematically) of this kind:

A → Bx

The languages generated by such grammars are named Regular
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Automata and computation
 Automata are mathematical computational models composed by states and transitions among states

 Example of automaton: electric switch!
 0 = on
 1 = off
 -> = push
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Finite State Automata (FSA)
 Finite-State Automata (FSA)

are 5-tuples <Q, Σ, q0, F, δ> where:

Q = non-null, finite set of states

Σ = non-null, finite set of characters (alphabet) acceptable as input

q0 = initial states, such that q0   Q

F = final states, such that F  Q

δ = finite set of rules defined from QxΣ to Q
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FSA as word processors
 A set of FSA is not just a mechanism that recognizes   or   generates a lexical 

item, but it might represent  a sentence (or a language…).

 FSA recognizing word casa   and its plural form: 

 Q = {q0, q1, q2, q3, q4}, 

 Σ = {c,a,s,e,#}, 

 Q0={q0}, 

 F ={q4}, 

 δ = 
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q0 q1
q2 q3

q4

c a s a

e

q0 q1 q2 q3 q4

c q1

a q2 q4

s q3

e q4



Finite State Grammars
(Regular Languages)
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Regular Expressions (RE)
We can use Regular Expressions to query corpora for instance. 

RE are algebraic notation to express sets of strings. 

 The key of a RE is the identification pattern composed by alphanumeric chars 
(including spacing and punctuation) and special signs indicating precise 
relations among chars.
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RE Correspondence E.g. Identified pattern

[Cc]athedral Cathedral or cathedral The cathedral is gorgeous

[^a-z] All but not low chars Il duomo è ...

sai?d said or sad You must be sad

ma.t Any char between a and t malt or matt

bu* b followed by any (even null) number of u buuuuuu! or b!

^T       Vs.     e$ ^ = string beginning; $ = string end The house

passe(s|d) | expresses the logical disjuction passes or passed

\* Escape char A*



RG, FSA and RE equivalence
 Regular Grammars (RG), Finite State Automata (FSA) and Regular Expressions 

(RE) are equivalent, i.e. they describe the very same set of languages: Regular 
Languages. 

 Proof by construction
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The imitation 
game

Alan Turing

Computing Machinery and Intelligence (1950)
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Do you know 
Eliza?

 Eliza (Weizenbaum, anno 1966):

 Human: Well, my boyfriend made me come here.

 ELIZA: Your boyfriend made you come here?

 Human: He says I'm depressed much of the time.

 ELIZA: I am sorry to hear you are depressed.

 Human: It's true. I'm unhappy.

 ELIZA: Do you think coming here will help you not to be 
unhappy?
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Eliza uses regular expressions!
 RE and Substitution
● s/Regular_Expression_1/Regular_Expression_2/ 
● s/  [a-z]* / blah / 

 Registers: using block operators (round brackets indicates a block), we can 
reuse a matched pattern:

● s/ the (house|car) has been bought by (Mary|John)/ \2 bought the \1 /

 Substitutions by ELIZA:
● s/ I’m [.* ?](depressed|sad)/I’m sorry to hear that you are \1/
● s/ everybody is (.*) / in which sense they are \1?/
● s/ always / can you make a specific example?
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Trivia: chatbots
Programming a chatbot 
for like/dislike patterns 

using «Scratch»
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Trivia: ChatGPT
(GPT-3.5)

https://openai.com/api/
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Is ChatGPT 
“different” from
Eliza?
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How to determine if a string can be 
generated by a Regular Grammar?

 Pumping lemma for Regular Grammar
If A is a Regular Language, then there is a number p (expressing «pumping» 
magnitude), for which, if s is a generic string A of length at least equal to p, 
then it can be split in 3 parts, 
s = xyz such that:
I. For any i  0, xyiz  A

II. |y|  0

III. |xy|  p

 anbn (counting recursion) cannot be generated by Regular Grammars (no way 
to pump a number of as followed by the very same number of bs)
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Context-Free Grammars
 Context-Free Grammars (CFG) admits only this kind of rules:

A →  (where  is any sequence of (non)terminal symbols)

Languages generated by CFG are named Context-Free Languages

 Any CFG can be «converted» in a (weakly) equivalent CFG in the 
Chomsky Normal Form (CNF):

A → BC
A → a
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Describing syntactic ambiguity
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NP

S

NP PP

Pro V D N P D N

VP

I the withsaw man the binocular



Describing syntactic ambiguity
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Describing syntactic ambiguity
 Rules with the same left-side symbol should be present in the grammar to 

permit ambiguity:

 VP → V NP

 VP → V NP PP

 NP → D N

 NP → D N PP
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Push-Down Automata
 A Push-Down Automata (PDA) is a finite state automata endowed with a memory stack; PDAs are 

defined by 6-tuples <Q, Σ, q0, F, δ, > where:

Q = finite and non-null set of states

Σ = finite and non-null set of characters accepted as input (alphabet)

q0 = initial state(s), such that q0   Q

F = final states(s), such that F  Q

δ = finite and non-null set of transitional rules defined from Q x Σ x  to Q x 

 = finite and non-null set of characters that can be stored in memory ( can have the same 
symbols as Σ)
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PDA can parse mirror recursion
 XXR

 Q = {q0, q1, q2, q3, q4}, 

 Σ /  = {a, b, ε},

 Q0={q0}, 

 F ={q4}, 

 δ = 
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q0 q1
q2 q3

q4

a b … ε/ε

Push(a)
a

b

Push(b)

Pop(…)

q0 q1 q2 qn q4

a
q1

push(a)

b
q2

push(b)

…
qn

pop(…)
ε q4



CFG and PDA equivalence
 Context-Free Grammars (CFG), and Push-Down Automata (PDA) are 

equivalent (i.e. they describe the very same set of languages: the Context-Free 
Languages). 

«Demonstration» by construction:
1. For any S rule, create a PDA q0 rule such that: 

(q0, ε, ε) → (q1, S)

2. For any other CFG rule such that A → x, create PDA rules such that: 
(q1, ε, A) → (q1, x) 

3. For any symbol a : a  VT , create PDA rules such that:
(q1, a, a) → (q1, ε)

Intro to linguistic computation C. CHESI 48



Limits of CFGs?
 Pumping lemma for Context-Free Grammars

If A is a Context-Free Language, then there is a number p (expressing the 
«pumping» length), for which, if s is a string of A of length at least equal to p, 
then it can be divided in 5 parts, 
s = uvxyz such that:
I. For any i  0, uvixyiz  A

II. |vy|  0

III. |vxy|  p

 E.g. neither anbncn nor XX is not generable by CFGs.
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Inclusion relations among Grammars
 Chomsky’s Hierarchy (1956, 59):

Type 3: Regular Grammars (equivalent device: Finite State Automata)

A → xB

Type 2: Context Free Grammars (equivalent device: Push-Down Automata)

A → 

Type 1: Context Sensitive Grammars (e.g.: Linear-Bounded Automata)

A →  (  ) 

Type 0: Turing Equivalent Grammars (e.g. Augmented Transition Networks)

 →  (  )
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La Gerarchia di 
Chomsky Recursive enumerable (Turing Machines)

Context-sensitive

anbncn

Context-free

anbn

Regular

ab*
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Where are Natural Languages? 
 Natural languages are NOT generable by Regular Grammars 

(Chomsky 1956): 

If X then Y (with A and B potenzially of the form “if X then Y”, genereting then a  counting 
dependency of the an bn kind, that is: ifn thenn)

 Natural languages are NOT even generable by Context-Free Grammars (Shieber
1985): 

Jan säit das mer em Hans es huus hälfed aastriiche
(“famous” Swiss-German dialect)

J.   says that we  to    H.     The house have helped painting

Gianni, Luisa e Mario sono rispettivamente
sposato, divorziata e scapolo
( “ABC...ABC”... Are languages of the XX kind)
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Where are Natural Languages?
 Recursion in natural languages (that is, how to make infinite use of finite 

means):

 Right recursion (abn: iteration or «tail recursion»): 

[the dog bit [the cat [that chased [the mouse [that ran]]]]]

 Center embedding (anbn: counting recursion or «true recursion»): 
[the mouse [(that) the cat [(that) the dog bit] chased] ran]

 Cross-serial dependencies (xx, identity recursion)

Aldo, Bea e Carlo sono rispettivamente sposato, nubile e divorziato
A.male, B.female , C.male are respectively marriedmale, unmarriedfemale & divorcedmale
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Where are Natural Languages?
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Type 0 languages

Mildly Context-Sensitive languages

Context-Free languages

Regular languages 

Context-Sensitive languages 

Natural
Languages



Today’s key concepts
What’s a formal grammar

 Rewriting Rules and Recursion
 Rewriting Rules restrictions create grammar classes organized in an inclusion hierarchy 

(Chomsky’s Hierarchy)
 Regular Grammars (RG), Regular Expressions (RE) and Finite State Automata (FSA) 

equivalence
 Context-Free Grammars (CFG) and Push-Down Automata (PDA) equivalence
 Using pumping lemmas to decide if a certain string property can be captured of not by a 

certain class of grammars
 Natural languages are neither Regular, nor Context-Free (though RGs and CFGs are often 

used to process Natural Languages!)
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